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Large-Eddy Simulation of a Spatially Evolving Supersonic
Turbulent Boundary-Layer Flow

Evangelos T. Spyropoulos* and Gregory A. Blaisdell'
Purdue University, West Lafayette, Indiana 47907

Several issues involving the large-eddy simulation of wall-bounded compressible turbulent flows are investi-
gated. A spatially evolving supersonic boundary layer is simulated using a high-order-accurate finite difference
scheme and the dynamic subgrid-scale model. A parametric study suggests that the finite difference scheme has
a detrimental effect on the resolution of the smaller scales due to excessive numerical dissipation from the spatial
differencing. Also, because the dynamic model uses the smaller resolved-scale eddies to determine the model co-
efficients, the predicted coefficients do not have the appropriate values. The use of higher-order schemes is found
to better capture the smaller resolved scales and to improve substantially the quality of the results. The effect of
descretization errors on large-eddy simulation needs to be addressed further before proceeding with large-eddy

simulation of flows of engineering interest.

I. Introduction

SIGNIFICANT number of boundary-layer flow experiments

have been performed that have greatly improved our knowl-
edge of the effects of compressibility on turbulence. In addition,
a number of catalogs and reviews of experimental data have been
done, such as those by Fernholtz and Finley,''? Fernholtz et al.,’
Settles and Johnson,* Spina et al.,> Bradshaw,® and Lele.” Measur-
ing turbulent quantities in this type of flow, however, is difficult.’
Apart from being subject to considerable error, measurements are
restricted away from the near-wall region.?"!° On the other hand,
due to computer limitations very little work has been accomplished
numerically in complementing the experiments. The spatially de-
veloping case has been examined recently with direct numerical
simulation (DNS) by Rai et al.,'! and the temporal case by Childs
and Reisenthel,'? Hatay and Biringen,'* and Guo and Adams.'*

Also, in the past few years, there has been a resurgence of interest
in performing large-eddy simulations (LES) of flows of engineering
interest. There are two roles for LES to play in the computation of
complex turbulent flows. First, LES can be used to study the physics
of turbulence at higher Reynolds numbers than can currently be
achieved with DNS, and LES can aid in the testing and improve-
ment of lower-order engineering turbulence models. Second, it is
hoped that LES can be used in the near future as an engineeringtool
rather than as a research tool. Although it will remain an expensive
tool, it might be the only means of accurately computing complex
flows for which lower-order models fail.

The majority of LES reportedin the literatureinvolveincompress-
ible fluid flows that are homogeneous in at least two spatial direc-
tions. Although computation of such flows has greatly contributed
to the developmentof LES, the computation of more complex flows
is required. In this paper, the method is applied to a spatially devel-
oping, supersonic, flat-plate boundary-layerflow. The performance
of the LES is evaluated based mainly on the DNS database of Rai et
al.!! Experimental data' '>~17 are also used for comparison. A para-
metric study is performed to evaluate the dynamic subgrid-scale
(SGS) model. In addition, several issues related to the effect of the
numerical scheme on the simulations are investigated.
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II. Mathematical Formulation

A. Governing Equations

In LES one computes explicitly only the motion of the large-
scale structures. The nonlinear interactions with the small scales
are not captured and are modeled. The governing equations for the
large eddies in compressible flows are obtained after filtering the
continuity, momentum, and energy equations and recasting in terms
of Favre averages. The filtering operation (denoted by an overbar)
maintains only the large scales and can be written in terms of a
convolution integral:
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where f is a turbulent field, G; is some spatial filter that operates
in the ith direction and has a filter width A; (usually equal to the
computational grid spacing in that direction), and D is the flow
domain.

The resulting equations of motion for the large eddies are as
follows:
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The effects of the small scales are presentin the precedingequations
through the SGS stress tensor and the SGS heat flux, respectively,

vy = Py — i), g =pw;T —i,T) (6
and require modeling. A tilde is used to denote Favre averages
(f=pf/p). Also, p is the density, T is the temperature, u; is the
velocity component in the i direction, and k is the thermal con-

ductivity. The specific heats at constant volume C, and at constant
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pressure C, are assumed in this study to be constant. The large-scale
molecular viscosity f is assumed to obey Sutherland’s law:

3
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with a Sutherland constant 7, = 198.6°R. The large-scale pressure
p is obtained from the filtered equation of state, p = pRT. The
molecular Prandtl number Pr is assumed to be 0.718. Note that in
deriving Egs. (2-4) the viscous, pressure-dilatation, and conduc-
tion terms were approximated in a similar fashion as by Erlebacher
et al.!8 Based on these approximations, terms like the SGS viscosity
fluctuations are neglected. Moin et al.'” measured such terms for the
case of compressible isotropic turbulence and found that they are
negligible also. In the channel flow DNS examined in Ref. 20, the
largest corresponding additional dissipation term in the context of
Reynolds-averagedNavier-Stokes computationhas a magnitude on
the order of 6% for a Mach 1.5 case and 16% for a Mach 3 case.
In an LES one would expect the magnitude of the corresponding
SGS terms to be much less because the contribution of the resolved
scales is included as part of the LES calculation.

B. Subgrid-Scale Modeling

The dynamic SGS modeling concept was introducedby Germano
etal! for LES of incompressibleflows and has attracted a lot of at-
tention in the LES community in recent years. Moin et al.'® extented
the dynamic model to compressible flows, and Lilly*? suggested a
refinement to both models that is now largely employed. Since then,
further refinements to the model have been proposed.?3~23

The model for the deviatoric and isotropic parts of the SGS
stress tensor is based on Smagorinsky’s?® and Yoshizawa’s?’ eddy-
viscosity models, respectively. The model constants, however, are
allowed to vary in space and time and are computed dynamically, as
the simulation progresses, from the energy content of the smallest
of the resolved large scales. This approach of calculating the model
constants has been found to substantially improve the accuracy and
robustness of the LES method because the model constants adjust
dynamically to the local structure of the flow and do not have to be
specified a priori. In addition, it has been found from incompressible
flow simulations that the dynamic model provides the correct lim-
iting behavior near solid boundaries and adjusts properly by itself
in the transitional or laminar regimes. Although it cannot properly
predict backscatter, it allows for some reverse energy cascade. A
similar approach is followed for the SGS heat flux.

Dynamic modeling is accomplishedwith the aid of a second filter
(referred to as the test filter G) that has a filter width A; in the ith
direction and that is coarser than the grid used to perform the com-
putations (A; > A;).

The model parameterizationfor the SGS stress and the SGS heat
flux is given by
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where ~ denotes test-filtered quantities, A = (A, A, A3)!1/3, () de-
notes averaging over the homogeneous spanwise direction, and
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In the simulations, negative values for the eddy viscosity u, were
allowed as long as the total viscosity (ur = it + j1,) and the total
thermal conductivity (k; =k 4+ C,u,/Pr,) were nonnegative. This
restricts the amount of energy backscatter allowed but avoids nu-
merical instabilities due to antidissipation. A three-point, top-hat
filter (derived using the trapezoidal integration rule) was employed
for the test filtering.

III. Numerical Method

The DNS code of Rai et al.!! was modified to perform LES using
the dynamic model. The DNS code solves the Navier-Stokes equa-
tions in nonconservativeform. Because the problemconsideredhere
does not exhibit discontinuities,the same approach was taken in the
LES to solve Egs. (2-4). Flux splitting is employed on the inviscid
(Euler) fluxes along each spatial direction to decompose them into
signals that propagate on opposite characteristic lines.*® Following
Ref. 11, the spatial derivatives of the split fluxes are computed using
fifth-order-accurate, upwind-biased finite differences. The viscous
terms and the derivatives in the dynamic model are computed us-
ing fourth-order-accuratecentral differences. Time advancementis
performed using an iterative fully implicit second-order-accurae
scheme.” Such schemes are unconditionally stable and allow for
accurate advancement using much larger time steps than explicit
schemes. However, they are more CPU intensive because they in-
volve the solutionof a system of algebraicequations.In addition, up-
wind schemes are much more stable than central difference schemes
because they provide implicitly some artificial dissipation. The lat-
ter also reduces aliasing errors by dissipating the energy content
of the flowfield at higher resolved wave numbers. A discussion re-
garding the accuracy of the method in LES is presented in Sec. V1.
Also, a truncation error analysis for such schemes is presented in
Ref. 30.

IV. Reference Case

The case considered in the DNS of Rai et al.!! and in the current
LES is the zero-pressure-gradent, flat-plateboundary-layerflow ex-
periment by Shutts et al.’’ with a freestream Mach number of 2.25
(this experimentis also discussedin Ref. 1; see case 55010501). The
Reynolds number based on freestream conditions is 6.35 x 10%/in.
The adiabatic wall temperature is 580°R, and the temperature at the
freestreamis 305°R. Measurements were taken on the centerline of
the plate at a streamwise location where the Reynolds number with
respect to the momentum thickness, Rey, was 6.053 x 10°. Mean
flowfield data were obtained at 17 locations in the wall-normal di-
rection using a pitot tube. Turbulence fluctuations data were not
taken, and so only limited mean flow data are available for compar-
ison to the simulations. In some other experiments, measurements
of turbulence fluctuations are reported?-*-3> However, these exper-
iments are at very high Reynolds or Mach numbers and cannot be
simulated currently by DNS or LES. In addition, as was mentioned
earlier, a wide variation in the value of the peak turbulence inten-
sity is found in such data, which makes these measurements less
reliable.

The computation of Rai et al.!! is the first DNS of a compress-
ible, turbulent, supersonic, spatially evolving boundary-layer flow.
The flow conditions were chosen to match the conditions in the
experiments of Shutts et al.’” (see Ref. 1) for two reasons. First,
the reported experimental data are at low freestream Re, and can
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Table1 Case parameters for the boundary-layer flow simulations

Case Type N, (1,11, IIT) Ny N, A, % Thk Test filter in
Al LES, fourth order 416 (116, 281,21) 55 257 4 Model X, ¥, 2
A2 DNS, fourth order 416 (116, 281,21) 55 257 4 —_
Bl LES, fourth order 416 (116, 281,21) 55 129 4 Model X, ¥, 2
B2 LES, fourth order 416 (116, 281,21) 55 129 6 Model X, ¥, 2
B3 LES, fourth order 416(116,281,21) 55 129 6 Neglect X, y,2
B4 LES, second order 416 (116,281,21) 55 129 4 Model X, y,2
C1 LES, fourth order 311(116,176,21) 55 65 4 Model X, ¥, 2
C2 LES, fourth order 311(116,176,21) 55 65 4 Model X,z
C3 LES, fourth order 311(116,176,21) 55 65 10 Model X, ¥, 2
C4 LES, second order 311(116,176,21) 55 65 4 Model X, y,2
DNS DNS,!! fourth order 971(231,701,41) 55 321 4 —_— —_—

RegionI RegionII  Region III

a) Blowing/Suction Strip ‘“-Plate

b)

Fig.1 a) Schematic of the computational domain and b) blowing and
suction mechanism.

be computed using DNS. In fact, Rey, = 6 x 10° is considered very
high for a DNS but can be simulated because the molecular vis-
cosity is higher closer to the wall, where the grid requirements are
most stringent, because the temperature in this case is higher there
and, therefore, a coarser grid can be used.'! Second, the experi-
mentis at supersonic,and not hypersonic, freestream conditions. At
high Mach numbers (M > 5), the compressibility effects are very
strong, and the numerical schemes currently available are not able
to accurately simulate such flows.

V. Calculation Setup

The size of the computational domain (Fig. 1a) and the type of
boundary conditions are chosen to be the same as in the DNS!! for
consistency.As is showninFig. 1, the domain containsanarrow strip
on the wall located 0.5 in. from the inlet, through which disturbance
waves are introduced to the flow by periodic blowing and suction.
This type of tripping mechanism has been found by Konzelmann
etal.3! (seealsoRef.32)to generate waves withoutexcessiveacous-
tic contamination (pure vorticity waves). The computationaldomain
isdividedalong the streamwisedirectioninto three regions. The first
regionis 3 in. long and contains the regions of blowing and suction,
as well as transition. The second region has uniform spacingin x, is
2 1in. long, and contains the turbulentregion. The third regionis 6 in.
long and becomes gradually very coarse to artificially dissipate all
of the turbulent fluctuations. In this way, waves may be controlled
so that they do not reflect back into the domain, when they reach the
outlet boundary, and contaminate the turbulent fields in the other
regions. A similar grid coarsening is applied outside the boundary
layer in the wall-normal direction.!" The domain is 0.35 in. wide
in the span and 3 in. tall along the wall-normal direction. The dis-
cretization used in the various cases consideredis discussed further
later.

The no-slip boundary condition is imposed on the lower bound-
ary (surface of plate), except at the region of blowing and suction

(4.5 <x <5), where the normal velocity component at the lower
boundary is set to v, which is as follows!!:

vps = AUy f(x)8(2)h(1) (13)
where
f(x) =4sin6(1 —cos@)/27%, 0 =2m(x —x,)/(xp —x,)
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and where [ =10, My =5, x, =4.5 in,, x, =5 in., A is the
disturbance amplitude (see Table 1), 8 = 75,000 Hz, ¢; and ¢,, are
random numbers (between 0 and 1), and Z,,x = 0.35 in. The blowing
and suction mechanism is shown schematically in Fig. 1b. At the
wall, the temperature is set to the adiabatic wall temperature 7,
and the pressureis set the same as its value one grid point above the
wall.

At the inflow boundary (inlet boundary of region I), the flow is
fixed based on a laminar boundary-layer analysis. The incoming
flow is supersonic everywhere except in the subsonic portion of the
boundary layer, as is the flow at the outletboundary of region I11, as
well. At the outflow boundary node points the dependent variables
are set the same as their values at one grid point upstream of the exit
location, with the exception of the pressure at subsonic locations,
which is set to the pressure at the first grid point upstream of the exit
location (on the same vertical grid line) that becomes supersonic.

At the spanwise boundaries, a periodic boundary condition is
imposed because the flow is homogeneous along the span. Finally,
the flow is assumed symmetric with respect to the upper boundary
because this boundary is located well away from the edge of the
boundary layer.

VI. Results

A. Case Definitions

A number of simulations were conducted to examine several is-
sues regarding the accuracy of the LES method in computing spa-
tially evolving supersonic boundary-layer flows using finite differ-
ence schemes. The cases considered are summarized in Table 1.
They are categorized in three sets (A, B, and C), based on the grid
resolution. The grid resolutionsin terms of physical units and wall
units (based on the friction velocity close to the end of the turbu-
lent region, x = 8.8 in.) are given in Tables 2 and 3, respectively.
The grid spacing is varied in the simulations along the streamwise
direction in region II, which contains the turbulent field, and along
the spanwise direction. The grid resolutionin the x directionis kept
the same in regions I and III for all cases. In addition, the same
number of points is used in the wall-normal direction for all cases.
The effect of the numerical scheme is examined in cases B1 and B4
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Table 2 Grid resolution in physical units at x = 8.8 in.

Case Ax, in. AYmin, in. Az, in.
Al, A2 0.00714 0.0001 0.00137
B1-B4 0.00714 0.0001 0.00273
Cl1-C4 0.01143 0.0001 0.00547
DNS 0.00286 0.0001 0.00109

Table 3 Grid resolution in wall units at x = 8.8 in.

Case Ax* Ayt Azt
Al, A2 59.0 0.87 11.4
B1-B4 59.3 0.83 22.7
Cl1-C4 88.0 0.77 42.1
DNS 27.0 0.94 10.3
-3
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Fig.2 Skin-friction coefficient for case set A.

and cases C1 and C4. The effect of the disturbance amplitude used
in the blowing and suction on transition is examined in cases B1
and B2 and cases C1 and C3. The effect of not modeling the trace
of the SGS stresses is examined in cases B2 and B3. The effect of
not test (and grid) filtering in the wall-normal direction is examined
in cases C1 and C2. Finally, the effect of not using the SGS model
(unresolved DNS) is examined in cases Al and A2.

The initial fields for the LES are for most cases obtained from a
previouscase, ratherthan from a laminar boundary-layersolution, to
reduce the CPU cost in reaching the state of statistical equilibrium.
Interpolationis performed when the grid is refined. In a few cases,
the initial field was constructed after filtering a DNS flowfield from
the simulation of Rai et al.'' down to the grid used in the LES.
The point of statistical equilibrium is determined by monitoring
changes in the computed coefficient of skin friction. Statistical data
are collected at every 10 time steps, until little change in the skin
friction is observed with time. The mean fields are obtained after
averaging in time and along the homogeneous, spanwise direction.
All LES were run using a fixed time step, which was taken to be the
same as the one used in the DNS, because the grid spacing used in
the wall-normal direction for the LES was the same as that for the
DNS.

B. Skin-Friction Coefficient

The skin-friction coefficient at the wall is defined in terms of the
wall shear stress 7, and freestream properties [C; =27, /(poo UozO )].
Figures 2-4 show the variation of the computed coefficient of fric-
tion along the streamwise direction for the three sets of cases sum-
marized in Table 1. The results are compared against the DNS data
of Rai et al.,!! the experimental data of Shutts et al.' (see Ref. 1),
and the turbulent correlation of White and Christoff (see Ref. 16).
As is shownin Fig. 2, the skin frictionincreasesrapidly shortly after
the locationof blowing and suction as the flow is forced to transition
to turbulence. The C from the turbulent correlation is about 10%
higher than the reported experimental data of Shutts et al.’’ (see

x10°°
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Fig. 4 Skin-friction coefficient for case set C.

Ref. 1) and about 9% lower than the DNS data of Rai et al.'' The
overshootseenin the DNS is typical of bypass transition. The results
from case A2 (coarse grid DNS) are close to the correlation. How-
ever, as will be discussedin the following section, furtherevaluation
of the results indicates that case A2 is underresolved.In evaluating
the dynamic model, emphasis will be placed on the results from the
DNS!! for comparison. The most important finding from Fig. 2 is
the fact that there seems to be a very small difference between the
results from cases Al and A2 in the turbulentregion, indicating that
the SGS model does not have a big effect on the accuracy of the
LES, at leastin predicting the correct skin friction.

The grid used for the LES of set B is twice as coarse in the span-
wise direction compared with set A. As is shown in Figs. 3 and 4,
lower values for the skin friction at the wall are predicted on the
coarser grid. Although the dynamic model gave higher values of the
eddy viscosity and eddy conductivity compared with set A, it is not
able to make up the difference on accuracy of the computed C.
(The comparison is again made with the DNS data.)

Different disturbance levels are used in cases B1 and B2. The
disturbanceamplitude A is graduallyincreased during the initial part
of a simulation to avoid the sudden formation of pressure waves. As
expected, the location of transition is moved farther upstream as .A
is increased (case B2). However, no difference on C/ is observedat
x = 8.81n.,indicatingthat the flow thereis fully turbulent. Therefore
the differencesseenin the LES when the gridis coarsenedare notdue
to any end-stage (bypass) transition phenomena. This is supported
alsoby a similarstudy, performedon an even coarser grid (see Fig. 4,
cases C1 and C3).

Because the flow considered here is at relatively low turbulent
Mach numbers, the modeling of the trace of the SGS stresses is
not found to have a considerable effect on the computed C; in the
turbulent regime (cases B2 and B3).
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Note that in temporal simulations®'*33:3% that use the dynamic
model test filtering is usually not performed along the wall-normal
direction. Test filtering in the y direction is performed in almost
all of the spatially developing boundary-layer flow cases presented
here. However, it is not found to have a big effect on the results, as
can be seen in Fig. 4 for cases C1 and C2.

In addition, a version of the computer code was developed that
uses third-order-accurate, upwind-biased differences for the con-
vective terms and second-order central differences for the viscous
terms. The effectof the numerical schemeis examined by comparing
results from simulations that employed the (overall) second-order-
accurate scheme to results from the (overall) fourth-order-accurate
scheme. A significant drop in the computed skin-frictioncoefficient
is found when the lower-order scheme is employed, as is shown
in Figs. 3 and 4 for cases B1 and B4 and cases C1 and C4, re-
spectively. These figures also show that the second-order scheme
required about 2.65 times more grid points to match the results of
the fourth-order scheme. The use of finite-difference-typeschemes
for spatial differencing does not allow for a good representation of
the shorter resolved length scales.

Overall, the poor performance of the LES is believed to be due to
the finite-differenceerrors (mainly dampingerrors) from the upwind
scheme rather than the dynamic SGS model. These errors artificially
damp the turbulence of the smaller resolved scales. Subgrid scales
contain less energy than the grid scales. As a result, even accurate
modeling of subgrid scales will not overcome the errors due to the
finite difference scheme. Furthermore, because the dynamic model
predicts the eddy viscosity and eddy conductivity based on the tur-
bulence level of the smallest resolved scales, it provides insufficient
amounts of turbulent transport. The observed effect of the finite
difference errors on the LES results is consistent with the recent
findings of Kravchenko and Moin,* who compared results from
incompressible channel flow simulations using spectral and finite
difference methods, and the earlier work of Beaudan and Moin,*°
who performed LES of incompressible flow past a cylinder using
an upwind-biased finite difference scheme similar to the one thatis
also tested in this study.

Because the highly accurate spectral methods are not appropriate
for usein complex flows, a possible solutionto the problem would be
tomaintainonly the informationon the grid scales thatare accurately
resolved by a finite-difference-typescheme while modeling the ef-
fects of the scales that are omitted (including, of course, the subgrid
scales). This approach, however, substantially increases the cost of
the simulation because it requires explicit filtering of the contami-
nated modes at each time step using a high-order digital filter and
the use of finer grids to ensure that the remaining resolved scales
adequately represent the large eddies. -3’

Finally, the variation of the skin-friction coefficient with respect
to the momentum thickness Reynolds number Re, is shownin Fig. 5
for several representativesimulations. Also included are the C  val-
ues from the experiments of Shutts et al.!> (see Ref. 1) (reference
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Fig.5 Variation of skin-friction coefficient with Rey for several repre-
sentative simulations.

case) and from the quasiequilibriumboundary-layerexperiment of
Elena and LaCharme,"” which is at a slightly higher freestream
Mach number and at a lower momentum thickness Reynolds num-
ber (M =2.32 and Re, = 4.7 x 10°). Compared with the latter ex-
periment, the DNS overpredicts the skin friction, whereas all LES
cases underpredict it. Furthermore, note that at the outlet plane
of the turbulent region (x =9.0 in.) the flowfields from the DNS
and the LES are at a lower momentum thickness Reynolds num-
ber than the experimental value reported by Shutts et al.!> (see
Ref. 1) and therefore have different turbulence levels. This explains
some of the differences seen in the results between the experiment
and the simulations. In the LES, the reduced momentum thickness
Reynolds number is due to the suppression of the turbulence due
to finite difference errors. It is also clear that the SGS model can-
not compensate for the numerical errors associated with the coarse
grid.

C. Mean Velocity Profiles and Turbulence Statistics

This section includes a comparison of the mean velocity profiles
as a function of the distance from the wall (in wall units), as well as
the profiles of the resolved turbulence intensities, rms fluctuations,
and turbulentshear stress at x = 8.8 in. for the flow cases of Table 1.
Note that the DNS and experimental data here are not filtered to
remove the scales not supported by the grids used in the LES, and
some of the discrepancies may be due to SGS contributions to the
turbulence quantities.

The variation of the Van Driest’® velocity (normalized by the
shear stress at the wall) with the normal distance from the wall at
x = 8.8 1n. is shown in Fig. 6 for cases Al, B1, and C1. Refining
the grid again improved the agreement of the LES with the com-
pressible law of the wall. Although the grid used in case Al is only
about a factor of three coarser than the DNS, there still seems to
be room for improvement in accuracy. It appears that the effect of
the numerical errors is to reduce the skin friction, which produces a
log law that is too high, as shown in Fig. 6. Note, also, the excellent
agreementbetween the DNS and the loglaw. However, the extended
wake region found in the experimental data of Shutts et al.'” (see
Ref. 1) is not captured in the DNS. In addition, a smaller wake is
seen in the data of Elena and LaCharme!'” because it is at a lower
momentum thicknessReynoldsnumber. Also, as is discussed (based
on experimental findings) by Fernholtz and Finley,* exceptionally
small wakes may be attributed to posttransitionaleffects. Therefore,
it is possible that some remnants of the transition process are still
presentin the DNS at x = 8.8 in.

Figures 7-9 show the turbulence intensities normalized by the
freestream velocity along the streamwise, wall-normal, and span-
wise directions, respectively. As was mentioned earlier, turbulence
fluctuation measurements were not taken by Shutts et al.’® (see
Ref. 1), and a wide variation in the value of the peak intensity
is found in other existing compressible flow experimental data,
especially when the measurements have been conducted using a

t38

35

+
Uyp gof

25F

10 '

°55+25In(y}) A

5 xEXP. 7 B4
+EXP(Elenaand - G

LaCharme)
o . . .
10° 10 10? 10° + 10*
Yu

Fig. 6 Normalized Van Driest velocity profile at x = 8.8 in. for several
representative simulations.
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Fig. 7 Profiles of normalized, streamwise turbulent intensities at
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Fig. 9 Profiles of normalized, spanwise turbulent intensities at x =
8.8 in. for several representative simulations.

hot-wire anemometer (HWA).!” Based on the study by Elena and
LaCharme,!” more accurate measurements can be obtained when
a laser Doppler anemometer (LDA) is used instead. Also included
in Figs. 7 and 8 for comparison are the turbulence intensity mea-
surements from their recent experiment.”” There are no available
experimental data in the near-wall region, and so the LES results
are compared quantitativelyin this region only with the DNS data.
The streamwise turbulence intensities for cases Al, B1, and C1 are
shownin Fig. 7. Again, the agreement with DNS improves with grid

refinement and with the use of a higher-order-accuratescheme. Oth-

erwise, small differencesare observed. The location and value of the
peak intensity are overpredicted the most in set C because such grid
resolutionis too coarse to capture the importantnear-wall structures
ofthe flow. The DNS dataare lower than the LDA measurementsand
in better agreement with the HWA data. The DNS seems to overpre-
dictthe wall-normal, normalizedintensitiescompared with the LDA

measurements, as shown in Fig. 8. Much bigger differences, how-

ever, are seen in the predicted intensities between the LES and the

DNS. Some of this discrepancy may be due to the fact that the DNS

results have not been filtered and, therefore, include the SGS con-

tribution. This issue is most significant for the wall-normal velocity
componentbecauseit is more affectedby the small scales. However,

examination of one-dimensional spectra taken along the spanwise
homogeneous direction reveals that, although the spectrum for the

wall-normal velocity peaks at high wave numbers, the energy in

the LES is suppressed for much of the high-wave-number-resolved
scale range.’” Therefore, the suppression observed is not simply

due to the missing SGS contribution. The suppressed wall-normal
velocities may be responsible for the reduced turbulent transport of
momentum and thereby the reduced skin friction observed in the

preceding section. Similar trends are observedin the profiles of the

spanwise turbulent intensities in Fig. 9.

The turbulentintensitiesnormalizedby the local mean streamwise
velocity are plotted in wall units at x = 8.8 in. in Figs. 10-12. Be-
cause compressibilityeffects in this flow are not strong and because
experimental data close to the wall are not available for this kind of
flow, the data from an incompressible flow flat-plate experiment*’
are included for comparison. The results are mixed here. Good
agreement is found between the DNS and case Al in Fig. 10. All
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Fig.10 Profiles of normalized, streamwise turbulent intensities in wall
coordinates at x = 8.8 in. for several representative simulations.
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Fig. 11 Profiles of normalized, wall-normal turbulent intensities in

wall coordinates at x = 8.8 in. for several representative simulations.
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Fig. 13 Profiles of turbulent Mach number at x =8.8 in. for several
representative simulations.

casesunderpredictthe wall-normalintensities,asisshowninFig. 11.
However, better agreement is seen for the spanwise intensities. The
discrepancy in the results is the largest in C1. The streamwise and
spanwise turbulence intensities from the DNS data are close to the
experimental data, whereas a suppression of the wall-normal inten-
sities is observedin the simulations. In the region close to the wall,
however, the experimental data for the wall-normal intensities un-
physically increase and are in error. The data should instead vanish
linearly with y, as can be shown easily from a Taylor series anal-
ysis, with the aid of the continuity equation. Note that the profiles
of the turbulence intensities at several upstream distances close to
x = 8.8 in. were also examined and found to be almost identical,
indicating that the outflow boundary condition is not significantly
affecting the results.

The _distribution of the turbulent Mach number, M; =
Jpulu!/(y p)1, is shown in Fig. 13. The maximum value of My
is less than 0.3, in support of the previously made argument that the
turbulent flow considered here is not strongly compressible.

Figure 14 shows the Reynolds shear stress profile at x =8.8 in.
in wall units (normalized by the square of the wall shear velocity).
Good agreement for case Al is seen near the wall region. However,
the results deterioratein B1 and, even more, in C1.

Shown in Fig. 15 are the computed one-dimensional spectra of
the spanwise velocity component taken along the spanwise homo-
geneous direction at x =8.8 in. and y =0.00274 in. for the DNS
and cases Al, B1, and C1. As the grid is refined, the results tend
toward the DNS data. The LES on coarser grids is very dissipative,
especially at the smaller resolved scales.

Finally, a contour plot of the time and spanwise averaged ratio
1,/ is shown for case B1 in Fig. 16. In this case, the eddy viscosity
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Fig.14 Normalized, resolved Reynolds shear stress in wall coordinates

at x =8.8 in. for several representative simulations.
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Fig. 15 Spanwise one-dimensional spectra of the spanwise velocity
component at x =8.8 in. and y =0.00274 in. for several representative

simulations.
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Fig.16 Spanwise and time-averaged ratio of eddy to molecular viscos-
ity for case B1.

is at most 4.3 times greater than the molecular viscosity. (Similar
findings were seen for k, / k.) Inside the boundary layer, the dynamic
model is found to vanish in the near-wall region and toward the
edge of the boundary layer, as well as in the laminar regime (the
model is turned off outside the boundary layer). Also, when the grid
was refined or coarsened, the model gave lower or higher values,
respectively,for theseratios, as expected. The isotropicpart, %rk,{, of
the SGS stress tensor for this flow is predicted by the model to be at
most 8% of the thermodynamic pressure p and could be neglected.
Finally, the variation of the dynamic model coefficient C was similar
to that of /1.

VII. Conclusions

A number of issues involvedin the LES of spatially evolving su-
personic boundary layers are examined by conducting simulations
using a high-order-accurate finite difference scheme and the dy-
namic SGS model. The computationalgrid was refined successively
to improve the agreementof the computed turbulence statistics with
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the available experimental data and results from a DNS calculation.
The grids used in the LES are from 16 up to 3 times coarser than the
gridused in the DNS. The computationaldomainis found to be long
enough for the flow to reach a fully turbulent state free of transients
due to the periodic blowing and suction mechanism employed to
bypass the natural transition process.

The results suggest that the finite difference scheme has a direct
effect on the dynamic SGS model, reducing greatly the accuracy of
the simulations. Numerical errors from the finite difference method
can be large enough that the SGS model has little effect on the
solution. The use of a higher-orderscheme is found to improve sub-
stantially the results because it improves the capture of the smaller
resolved scales. Furthermore, it is recommended to apply the model
notonly at the subgrid scales but also at the scales that are not prop-
erly resolved by the numerical scheme. This approach, however,
will substantially increase the cost of the simulation, in terms of
both CPU time and memory requirements, because it requires ex-
plicit grid filtering (using a highly accurate filter) of the flowfields at
each time step and the use of finer grids. The effect of descretization
errors on LES needs to be addressed further before proceeding with
LES of flows of engineering interest.
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