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Large-Eddy Simulation of a Spatially Evolving Supersonic
Turbulent Boundary-Layer Flow
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Several issues involving the large-eddy simulation of wall-bounded compressible turbulent � ows are investi-
gated. A spatially evolving supersonic boundary layer is simulated using a high-order-accurate � nite difference
scheme and the dynamic subgrid-scale model. A parametric study suggests that the � nite difference scheme has
a detrimental effect on the resolution of the smaller scales due to excessive numerical dissipation from the spatial
differencing. Also, because the dynamic model uses the smaller resolved-scale eddies to determine the model co-
ef� cients, the predicted coef� cients do not have the appropriate values. The use of higher-order schemes is found
to better capture the smaller resolved scales and to improve substantially the quality of the results. The effect of
descretization errors on large-eddy simulation needs to be addressed further before proceeding with large-eddy
simulation of � ows of engineering interest.

I. Introduction

A SIGNIFICANT number of boundary-layer � ow experiments
have been performed that have greatly improved our knowl-

edge of the effects of compressibility on turbulence. In addition,
a number of catalogs and reviews of experimental data have been
done, such as those by Fernholtz and Finley,1;2 Fernholtz et al.,3

Settles and Johnson,4 Spina et al.,5 Bradshaw,6 and Lele.7 Measur-
ing turbulent quantities in this type of � ow, however, is dif� cult.8

Apart from being subject to considerable error, measurements are
restricted away from the near-wall region.9;10 On the other hand,
due to computer limitations very little work has been accomplished
numerically in complementing the experiments. The spatially de-
veloping case has been examined recently with direct numerical
simulation (DNS) by Rai et al.,11 and the temporal case by Childs
and Reisenthel,12 Hatay and Biringen,13 and Guo and Adams.14

Also, in the past few years, there has been a resurgenceof interest
in performing large-eddysimulations (LES) of � ows of engineering
interest. There are two roles for LES to play in the computation of
complex turbulent � ows. First, LES can be used to study the physics
of turbulence at higher Reynolds numbers than can currently be
achieved with DNS, and LES can aid in the testing and improve-
ment of lower-order engineering turbulence models. Second, it is
hoped that LES can be used in the near future as an engineeringtool
rather than as a research tool. Although it will remain an expensive
tool, it might be the only means of accurately computing complex
� ows for which lower-order models fail.

The majorityofLES reportedin the literatureinvolveincompress-
ible � uid � ows that are homogeneous in at least two spatial direc-
tions. Although computation of such � ows has greatly contributed
to the developmentof LES, the computationof more complex � ows
is required. In this paper, the method is applied to a spatially devel-
oping, supersonic, � at-plate boundary-layer� ow. The performance
of the LES is evaluated based mainly on the DNS database of Rai et
al.11 Experimentaldata1; 15¡17 are also used for comparison.A para-
metric study is performed to evaluate the dynamic subgrid-scale
(SGS) model. In addition, several issues related to the effect of the
numerical scheme on the simulations are investigated.
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II. Mathematical Formulation
A. Governing Equations

In LES one computes explicitly only the motion of the large-
scale structures. The nonlinear interactions with the small scales
are not captured and are modeled. The governing equations for the
large eddies in compressible � ows are obtained after � ltering the
continuity,momentum, and energy equationsand recasting in terms
of Favre averages. The � ltering operation (denoted by an overbar)
maintains only the large scales and can be written in terms of a
convolution integral:
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where f is a turbulent � eld, G i is some spatial � lter that operates
in the ith direction and has a � lter width 1i (usually equal to the
computational grid spacing in that direction), and D is the � ow
domain.

The resulting equations of motion for the large eddies are as
follows:
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The effectsof the small scales are present in the precedingequations
through the SGS stress tensor and the SGS heat � ux, respectively,

¿i j D N½. ui u j ¡ Qu i Qu j /; qi D N½.u i T ¡ Qu i
QT / .6/

and require modeling. A tilde is used to denote Favre averages
( Qf D ½ f = N½). Also, ½ is the density, T is the temperature, ui is the
velocity component in the i direction, and k is the thermal con-
ductivity. The speci� c heats at constant volume Cv and at constant
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pressureC p are assumed in this study to be constant.The large-scale
molecular viscosity Q¹ is assumed to obey Sutherland’s law:
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with a Sutherland constant QTe D 198:6±R. The large-scale pressure
Np is obtained from the � ltered equation of state, Np D N½ R QT . The
molecular Prandtl number Pr is assumed to be 0:718. Note that in
deriving Eqs. (2–4) the viscous, pressure-dilatation, and conduc-
tion terms were approximated in a similar fashion as by Erlebacher
et al.18 Based on these approximations,terms like the SGS viscosity
� uctuationsare neglected.Moin et al.19 measured such terms for the
case of compressible isotropic turbulence and found that they are
negligible also. In the channel � ow DNS examined in Ref. 20, the
largest corresponding additional dissipation term in the context of
Reynolds-averagedNavier–Stokes computationhas a magnitudeon
the order of 6% for a Mach 1.5 case and 16% for a Mach 3 case.
In an LES one would expect the magnitude of the corresponding
SGS terms to be much less because the contributionof the resolved
scales is included as part of the LES calculation.

B. Subgrid-Scale Modeling
The dynamicSGS modelingconceptwas introducedby Germano

et al.21 for LES of incompressible� ows and has attracteda lot of at-
tention in the LES community in recent years. Moin et al.19 extented
the dynamic model to compressible � ows, and Lilly22 suggested a
re� nement to both models that is now largely employed.Since then,
further re� nements to the model have been proposed.23 – 25

The model for the deviatoric and isotropic parts of the SGS
stress tensor is based on Smagorinsky’s26 and Yoshizawa’s27 eddy-
viscosity models, respectively. The model constants, however, are
allowed to vary in space and time and are computeddynamically,as
the simulation progresses, from the energy content of the smallest
of the resolved large scales. This approach of calculating the model
constants has been found to substantially improve the accuracy and
robustness of the LES method because the model constants adjust
dynamically to the local structure of the � ow and do not have to be
speci� ed a priori. In addition,it has been found from incompressible
� ow simulations that the dynamic model provides the correct lim-
iting behavior near solid boundaries and adjusts properly by itself
in the transitional or laminar regimes. Although it cannot properly
predict backscatter, it allows for some reverse energy cascade. A
similar approach is followed for the SGS heat � ux.

Dynamic modeling is accomplishedwith the aid of a second � lter
(referred to as the test � lter OG ) that has a � lter width O1i in the ith
direction and that is coarser than the grid used to perform the com-
putations ( O1i > 1i ).

The model parameterizationfor the SGS stress and the SGS heat
� ux is given by
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The model coef� cients are computed from
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In the simulations,negativevalues for the eddy viscosity¹t were
allowed as long as the total viscosity (¹T D Q¹ C ¹t ) and the total
thermal conductivity (kT D Qk C Cv¹t=Prt ) were nonnegative. This
restricts the amount of energy backscatter allowed but avoids nu-
merical instabilities due to antidissipation. A three-point, top-hat
� lter (derived using the trapezoidal integration rule) was employed
for the test � ltering.

III. Numerical Method
The DNS code of Rai et al.11 was modi� ed to perform LES using

the dynamic model. The DNS code solves the Navier–Stokes equa-
tions in nonconservativeform. Because theproblemconsideredhere
does not exhibit discontinuities,the same approachwas taken in the
LES to solve Eqs. (2–4). Flux splitting is employed on the inviscid
(Euler) � uxes along each spatial direction to decompose them into
signals that propagate on opposite characteristic lines.28 Following
Ref. 11, the spatial derivativesof the split � uxes are computedusing
� fth-order-accurate,upwind-biased � nite differences. The viscous
terms and the derivatives in the dynamic model are computed us-
ing fourth-order-accuratecentral differences.Time advancement is
performed using an iterative fully implicit second-order-accurate
scheme.29 Such schemes are unconditionally stable and allow for
accurate advancement using much larger time steps than explicit
schemes. However, they are more CPU intensive because they in-
volve the solutionof a systemof algebraicequations.In addition,up-
wind schemesare much more stable than centraldifferenceschemes
because they provide implicitly some arti� cial dissipation.The lat-
ter also reduces aliasing errors by dissipating the energy content
of the � ow� eld at higher resolved wave numbers. A discussion re-
garding the accuracy of the method in LES is presented in Sec. VI.
Also, a truncation error analysis for such schemes is presented in
Ref. 30.

IV. Reference Case
The case considered in the DNS of Rai et al.11 and in the current

LES is thezero-pressure-gradient, � at-plateboundary-layer� owex-
periment by Shutts et al.15 with a freestream Mach number of 2.25
(this experimentis also discussedin Ref. 1; see case 55010501). The
Reynolds number based on freestream conditions is 6:35 £ 105/in.
The adiabaticwall temperature is 580±R, and the temperature at the
freestream is 305±R. Measurements were taken on the centerlineof
the plate at a streamwise location where the Reynolds number with
respect to the momentum thickness, Reµ , was 6:053 £ 103. Mean
� ow� eld data were obtained at 17 locations in the wall-normal di-
rection using a pitot tube. Turbulence � uctuations data were not
taken, and so only limited mean � ow data are available for compar-
ison to the simulations. In some other experiments, measurements
of turbulence � uctuations are reported.2 ;3;5 However, these exper-
iments are at very high Reynolds or Mach numbers and cannot be
simulated currently by DNS or LES. In addition, as was mentioned
earlier, a wide variation in the value of the peak turbulence inten-
sity is found in such data, which makes these measurements less
reliable.

The computation of Rai et al.11 is the � rst DNS of a compress-
ible, turbulent, supersonic, spatially evolving boundary-layer � ow.
The � ow conditions were chosen to match the conditions in the
experiments of Shutts et al.15 (see Ref. 1) for two reasons. First,
the reported experimental data are at low freestream Reµ and can
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Table 1 Case parameters for the boundary-layer � ow simulations

Case Type Nx (I, II, III) Ny Nz A, % ¿kk Test � lter in

A1 LES, fourth order 416 (116, 281, 21) 55 257 4 Model x; y; z
A2 DNS, fourth order 416 (116, 281, 21) 55 257 4 —— ——
B1 LES, fourth order 416 (116, 281, 21) 55 129 4 Model x; y; z
B2 LES, fourth order 416 (116, 281, 21) 55 129 6 Model x; y; z
B3 LES, fourth order 416 (116, 281, 21) 55 129 6 Neglect x; y; z
B4 LES, second order 416 (116, 281, 21) 55 129 4 Model x; y; z
C1 LES, fourth order 311 (116, 176, 21) 55 65 4 Model x; y; z
C2 LES, fourth order 311 (116, 176, 21) 55 65 4 Model x ; z
C3 LES, fourth order 311 (116, 176, 21) 55 65 10 Model x; y; z
C4 LES, second order 311 (116, 176, 21) 55 65 4 Model x; y; z
DNS DNS,11 fourth order 971 (231, 701, 41) 55 321 4 —— ——

a)

b)

Fig. 1 a) Schematic of the computational domain and b) blowing and
suction mechanism.

be computed using DNS. In fact, Reµ D 6 £ 103 is considered very
high for a DNS but can be simulated because the molecular vis-
cosity is higher closer to the wall, where the grid requirements are
most stringent, because the temperature in this case is higher there
and, therefore, a coarser grid can be used.11 Second, the experi-
ment is at supersonic,and not hypersonic,freestreamconditions.At
high Mach numbers (M > 5), the compressibility effects are very
strong, and the numerical schemes currently available are not able
to accurately simulate such � ows.

V. Calculation Setup
The size of the computational domain (Fig. 1a) and the type of

boundary conditions are chosen to be the same as in the DNS11 for
consistency.As is shownin Fig.1, thedomaincontainsa narrowstrip
on the wall located0.5 in. from the inlet, through which disturbance
waves are introduced to the � ow by periodic blowing and suction.
This type of tripping mechanism has been found by Konzelmann
et al.31 (see also Ref. 32) to generatewaves without excessiveacous-
tic contamination(pure vorticitywaves). The computationaldomain
is dividedalong the streamwisedirectioninto three regions.The � rst
region is 3 in. long and contains the regions of blowing and suction,
as well as transition.The second region has uniform spacing in x, is
2 in. long, and contains the turbulent region.The third region is 6 in.
long and becomes gradually very coarse to arti� cially dissipate all
of the turbulent � uctuations. In this way, waves may be controlled
so that they do not re� ect back into the domain, when they reach the
outlet boundary, and contaminate the turbulent � elds in the other
regions. A similar grid coarsening is applied outside the boundary
layer in the wall-normal direction.11 The domain is 0.35 in. wide
in the span and 3 in. tall along the wall-normal direction. The dis-
cretizationused in the various cases considered is discussed further
later.

The no-slip boundary condition is imposed on the lower bound-
ary (surface of plate), except at the region of blowing and suction

(4:5 · x · 5), where the normal velocity component at the lower
boundary is set to vbs , which is as follows11:
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and where lmax D 10, mmax D 5, xa D 4:5 in., xb D 5 in., A is the
disturbance amplitude (see Table 1), ¯ D 75;000 Hz, Ál and Ám are
randomnumbers(between0 and 1), and zmax D 0:35 in. The blowing
and suction mechanism is shown schematically in Fig. 1b. At the
wall, the temperature is set to the adiabatic wall temperature Taw ,
and the pressure is set the same as its value one grid point above the
wall.

At the in� ow boundary (inlet boundary of region I), the � ow is
� xed based on a laminar boundary-layer analysis. The incoming
� ow is supersonic everywhere except in the subsonic portion of the
boundary layer, as is the � ow at the outlet boundary of region III, as
well. At the out� ow boundary node points the dependent variables
are set the same as their values at one grid point upstreamof the exit
location, with the exception of the pressure at subsonic locations,
which is set to the pressureat the � rst grid point upstream of the exit
location (on the same vertical grid line) that becomes supersonic.

At the spanwise boundaries, a periodic boundary condition is
imposed because the � ow is homogeneous along the span. Finally,
the � ow is assumed symmetric with respect to the upper boundary
because this boundary is located well away from the edge of the
boundary layer.

VI. Results
A. Case De� nitions

A number of simulations were conducted to examine several is-
sues regarding the accuracy of the LES method in computing spa-
tially evolving supersonic boundary-layer � ows using � nite differ-
ence schemes. The cases considered are summarized in Table 1.
They are categorized in three sets (A, B, and C), based on the grid
resolution. The grid resolutions in terms of physical units and wall
units (based on the friction velocity close to the end of the turbu-
lent region, x D 8:8 in.) are given in Tables 2 and 3, respectively.
The grid spacing is varied in the simulations along the streamwise
direction in region II, which contains the turbulent � eld, and along
the spanwise direction.The grid resolution in the x direction is kept
the same in regions I and III for all cases. In addition, the same
number of points is used in the wall-normal direction for all cases.
The effect of the numerical scheme is examined in cases B1 and B4
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Table 2 Grid resolution in physical units at x = 8:8 in.

Case 1x , in. 1ymin , in. 1z, in.

A1, A2 0.00714 0.0001 0.00137
B1–B4 0.00714 0.0001 0.00273
C1–C4 0.01143 0.0001 0.00547
DNS 0.00286 0.0001 0.00109

Table 3 Grid resolution in wall units at x = 8:8 in.

Case 1xC 1yC
min 1zC

A1, A2 59.0 0.87 11.4
B1–B4 59.3 0.83 22.7
C1–C4 88.0 0.77 42.1
DNS 27.0 0.94 10.3

Fig. 2 Skin-friction coef� cient for case set A.

and cases C1 and C4. The effect of the disturbance amplitude used
in the blowing and suction on transition is examined in cases B1
and B2 and cases C1 and C3. The effect of not modeling the trace
of the SGS stresses is examined in cases B2 and B3. The effect of
not test (and grid) � ltering in the wall-normal direction is examined
in cases C1 and C2. Finally, the effect of not using the SGS model
(unresolved DNS) is examined in cases A1 and A2.

The initial � elds for the LES are for most cases obtained from a
previouscase, rather than froma laminar boundary-layersolution, to
reduce the CPU cost in reaching the state of statistical equilibrium.
Interpolation is performed when the grid is re� ned. In a few cases,
the initial � eld was constructedafter � ltering a DNS � ow� eld from
the simulation of Rai et al.11 down to the grid used in the LES.
The point of statistical equilibrium is determined by monitoring
changes in the computed coef� cient of skin friction. Statistical data
are collected at every 10 time steps, until little change in the skin
friction is observed with time. The mean � elds are obtained after
averaging in time and along the homogeneous, spanwise direction.
All LES were run using a � xed time step, which was taken to be the
same as the one used in the DNS, because the grid spacing used in
the wall-normal direction for the LES was the same as that for the
DNS.

B. Skin-Friction Coef� cient
The skin-frictioncoef� cient at the wall is de� ned in terms of the

wall shear stress¿w and freestreamproperties[C f D 2¿w=.½1U 2
1)].

Figures 2–4 show the variation of the computed coef� cient of fric-
tion along the streamwise direction for the three sets of cases sum-
marized in Table 1. The results are compared against the DNS data
of Rai et al.,11 the experimental data of Shutts et al.15 (see Ref. 1),
and the turbulent correlation of White and Christoff (see Ref. 16).
As is shown in Fig. 2, the skin friction increasesrapidlyshortly after
the locationof blowing and suctionas the � ow is forced to transition
to turbulence. The C f from the turbulent correlation is about 10%
higher than the reported experimental data of Shutts et al.15 (see

Fig. 3 Skin-friction coef� cient for case set B.

Fig. 4 Skin-friction coef� cient for case set C.

Ref. 1) and about 9% lower than the DNS data of Rai et al.11 The
overshootseen in theDNS is typicalof bypass transition.The results
from case A2 (coarse grid DNS) are close to the correlation. How-
ever, as will be discussed in the followingsection, furtherevaluation
of the results indicates that case A2 is underresolved.In evaluating
the dynamic model, emphasis will be placed on the results from the
DNS11 for comparison. The most important � nding from Fig. 2 is
the fact that there seems to be a very small difference between the
results from cases A1 and A2 in the turbulent region, indicatingthat
the SGS model does not have a big effect on the accuracy of the
LES, at least in predicting the correct skin friction.

The grid used for the LES of set B is twice as coarse in the span-
wise direction compared with set A. As is shown in Figs. 3 and 4,
lower values for the skin friction at the wall are predicted on the
coarsergrid.Although the dynamic model gave higher valuesof the
eddy viscosity and eddy conductivitycompared with set A, it is not
able to make up the difference on accuracy of the computed C f .
(The comparison is again made with the DNS data.)

Different disturbance levels are used in cases B1 and B2. The
disturbanceamplitudeA is graduallyincreasedduring the initialpart
of a simulation to avoid the sudden formation of pressurewaves. As
expected, the location of transition is moved farther upstream as A
is increased(case B2). However, no differenceon C f is observedat
x D 8:8 in., indicatingthat the � ow there is fully turbulent.Therefore
thedifferencesseen in theLES when thegrid is coarsenedarenotdue
to any end-stage (bypass) transition phenomena. This is supported
alsoby a similar study,performedon an even coarsergrid (seeFig. 4,
cases C1 and C3).

Because the � ow considered here is at relatively low turbulent
Mach numbers, the modeling of the trace of the SGS stresses is
not found to have a considerable effect on the computed C f in the
turbulent regime (cases B2 and B3).
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Note that in temporal simulations21 ;33 ;34 that use the dynamic
model test � ltering is usually not performed along the wall-normal
direction. Test � ltering in the y direction is performed in almost
all of the spatially developing boundary-layer� ow cases presented
here. However, it is not found to have a big effect on the results, as
can be seen in Fig. 4 for cases C1 and C2.

In addition, a version of the computer code was developed that
uses third-order-accurate, upwind-biased differences for the con-
vective terms and second-order central differences for the viscous
terms.The effectof thenumericalschemeis examinedby comparing
results from simulations that employed the (overall) second-order-
accurate scheme to results from the (overall) fourth-order-accurate
scheme. A signi� cant drop in the computed skin-frictioncoef� cient
is found when the lower-order scheme is employed, as is shown
in Figs. 3 and 4 for cases B1 and B4 and cases C1 and C4, re-
spectively. These � gures also show that the second-order scheme
required about 2.65 times more grid points to match the results of
the fourth-order scheme. The use of � nite-difference-typeschemes
for spatial differencing does not allow for a good representationof
the shorter resolved length scales.

Overall, the poor performanceof the LES is believed to be due to
the � nite-differenceerrors(mainlydampingerrors) from the upwind
scheme rather than the dynamicSGS model. These errors arti� cially
damp the turbulence of the smaller resolved scales. Subgrid scales
contain less energy than the grid scales. As a result, even accurate
modeling of subgrid scales will not overcome the errors due to the
� nite difference scheme. Furthermore, because the dynamic model
predicts the eddy viscosity and eddy conductivitybased on the tur-
bulence level of the smallest resolved scales, it provides insuf� cient
amounts of turbulent transport. The observed effect of the � nite
difference errors on the LES results is consistent with the recent
� ndings of Kravchenko and Moin,35 who compared results from
incompressible channel � ow simulations using spectral and � nite
difference methods, and the earlier work of Beaudan and Moin,30

who performed LES of incompressible � ow past a cylinder using
an upwind-biased� nite difference scheme similar to the one that is
also tested in this study.

Because the highly accurate spectralmethods are not appropriate
for use in complex � ows, a possiblesolutionto theproblemwouldbe
to maintainonly the informationon thegridscalesthat are accurately
resolved by a � nite-difference-typescheme while modeling the ef-
fects of the scales that are omitted (including, of course, the subgrid
scales). This approach, however, substantially increases the cost of
the simulation because it requires explicit � ltering of the contami-
nated modes at each time step using a high-order digital � lter and
the use of � ner grids to ensure that the remaining resolved scales
adequately represent the large eddies.36 ;37

Finally, the variation of the skin-friction coef� cient with respect
to the momentumthicknessReynolds numberReµ is shown in Fig. 5
for several representativesimulations.Also includedare the C f val-
ues from the experiments of Shutts et al.15 (see Ref. 1) (reference

Fig. 5 Variation of skin-friction coef� cient with Reµ for several repre-
sentative simulations.

case) and from the quasiequilibriumboundary-layerexperiment of
Elena and LaCharme,17 which is at a slightly higher freestream
Mach number and at a lower momentum thickness Reynolds num-
ber (M D 2:32 and Reµ D 4:7 £ 103). Compared with the latter ex-
periment, the DNS overpredicts the skin friction, whereas all LES
cases underpredict it. Furthermore, note that at the outlet plane
of the turbulent region (x D 9:0 in.) the � ow� elds from the DNS
and the LES are at a lower momentum thickness Reynolds num-
ber than the experimental value reported by Shutts et al.15 (see
Ref. 1) and therefore have different turbulence levels. This explains
some of the differences seen in the results between the experiment
and the simulations. In the LES, the reduced momentum thickness
Reynolds number is due to the suppression of the turbulence due
to � nite difference errors. It is also clear that the SGS model can-
not compensate for the numerical errors associated with the coarse
grid.

C. Mean Velocity Pro� les and Turbulence Statistics
This section includes a comparison of the mean velocity pro� les

as a function of the distance from the wall (in wall units), as well as
the pro� les of the resolved turbulence intensities, rms � uctuations,
and turbulent shear stress at x D 8:8 in. for the � ow cases of Table 1.
Note that the DNS and experimental data here are not � ltered to
remove the scales not supported by the grids used in the LES, and
some of the discrepancies may be due to SGS contributions to the
turbulencequantities.

The variation of the Van Driest38 velocity (normalized by the
shear stress at the wall) with the normal distance from the wall at
x D 8:8 in. is shown in Fig. 6 for cases A1, B1, and C1. Re� ning
the grid again improved the agreement of the LES with the com-
pressible law of the wall. Although the grid used in case A1 is only
about a factor of three coarser than the DNS, there still seems to
be room for improvement in accuracy. It appears that the effect of
the numerical errors is to reduce the skin friction,which produces a
log law that is too high, as shown in Fig. 6. Note, also, the excellent
agreementbetween the DNS and the log law. However, the extended
wake region found in the experimental data of Shutts et al.15 (see
Ref. 1) is not captured in the DNS. In addition, a smaller wake is
seen in the data of Elena and LaCharme17 because it is at a lower
momentumthicknessReynoldsnumber.Also, as is discussed(based
on experimental � ndings) by Fernholtz and Finley,39 exceptionally
small wakes may be attributed to posttransitionaleffects. Therefore,
it is possible that some remnants of the transition process are still
present in the DNS at x D 8:8 in.

Figures 7–9 show the turbulence intensities normalized by the
freestream velocity along the streamwise, wall-normal, and span-
wise directions, respectively.As was mentioned earlier, turbulence
� uctuation measurements were not taken by Shutts et al.15 (see
Ref. 1), and a wide variation in the value of the peak intensity
is found in other existing compressible � ow experimental data,
especially when the measurements have been conducted using a

Fig. 6 Normalized Van Driest velocity pro� le at x = 8:8 in. for several
representative simulations.
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Fig. 7 Pro� les of normalized, streamwise turbulent intensities at
x = 8:8 in. for several representative simulations.

Fig. 8 Pro� les of normalized, wall-normal turbulent intensities at
x = 8:8 in. for several representative simulations.

Fig. 9 Pro� les of normalized, spanwise turbulent intensities at x =
8.8 in. for several representative simulations.

hot-wire anemometer (HWA).17 Based on the study by Elena and
LaCharme,17 more accurate measurements can be obtained when
a laser Doppler anemometer (LDA) is used instead. Also included
in Figs. 7 and 8 for comparison are the turbulence intensity mea-
surements from their recent experiment.17 There are no available
experimental data in the near-wall region, and so the LES results
are compared quantitatively in this region only with the DNS data.
The streamwise turbulence intensities for cases A1, B1, and C1 are
shown in Fig. 7. Again, the agreementwith DNS improveswith grid

re� nement and with the use of a higher-order-accuratescheme.Oth-
erwise, small differencesare observed.The locationand valueof the
peak intensityare overpredictedthe most in set C because such grid
resolutionis too coarse to capture the importantnear-wall structures
of the � ow. The DNS dataare lower than theLDA measurementsand
in better agreementwith the HWA data. The DNS seems to overpre-
dict the wall-normal,normalizedintensitiescomparedwith the LDA
measurements, as shown in Fig. 8. Much bigger differences, how-
ever, are seen in the predicted intensities between the LES and the
DNS. Some of this discrepancymay be due to the fact that the DNS
results have not been � ltered and, therefore, include the SGS con-
tribution. This issue is most signi� cant for the wall-normal velocity
componentbecauseit is more affectedby the small scales.However,
examination of one-dimensional spectra taken along the spanwise
homogeneous direction reveals that, although the spectrum for the
wall-normal velocity peaks at high wave numbers, the energy in
the LES is suppressed for much of the high-wave-number-resolved
scale range.37 Therefore, the suppression observed is not simply
due to the missing SGS contribution. The suppressed wall-normal
velocities may be responsible for the reduced turbulent transport of
momentum and thereby the reduced skin friction observed in the
preceding section. Similar trends are observed in the pro� les of the
spanwise turbulent intensities in Fig. 9.

The turbulentintensitiesnormalizedby the localmeanstreamwise
velocity are plotted in wall units at x D 8:8 in. in Figs. 10–12. Be-
cause compressibilityeffects in this � ow are not strong and because
experimental data close to the wall are not available for this kind of
� ow, the data from an incompressible � ow � at-plate experiment40

are included for comparison. The results are mixed here. Good
agreement is found between the DNS and case A1 in Fig. 10. All

Fig. 10 Pro� les of normalized, streamwise turbulent intensities in wall
coordinates at x = 8:8 in. for several representative simulations.

Fig. 11 Pro� les of normalized, wall-normal turbulent intensities in
wall coordinates at x = 8:8 in. for several representative simulations.
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Fig. 12 Pro� les of normalized, spanwise turbulent intensities in wall
coordinates at x = 8:8 in. for several representative simulations.

Fig. 13 Pro� les of turbulent Mach number at x = 8:8 in. for several
representative simulations.

casesunderpredictthewall-normalintensities,as is showninFig. 11.
However, better agreement is seen for the spanwise intensities.The
discrepancy in the results is the largest in C1. The streamwise and
spanwise turbulence intensities from the DNS data are close to the
experimental data, whereas a suppression of the wall-normal inten-
sities is observed in the simulations. In the region close to the wall,
however, the experimental data for the wall-normal intensities un-
physically increase and are in error. The data should instead vanish
linearly with y, as can be shown easily from a Taylor series anal-
ysis, with the aid of the continuity equation. Note that the pro� les
of the turbulence intensities at several upstream distances close to
x D 8:8 in. were also examined and found to be almost identical,
indicating that the out� ow boundary condition is not signi� cantly
affecting the results.

The distribution of the turbulent Mach number, MT Dp
[ N½u00

i u 00
i =.° Np/], is shown in Fig. 13. The maximum value of MT

is less than 0.3, in support of the previouslymade argument that the
turbulent � ow considered here is not strongly compressible.

Figure 14 shows the Reynolds shear stress pro� le at x D 8:8 in.
in wall units (normalized by the square of the wall shear velocity).
Good agreement for case A1 is seen near the wall region. However,
the results deteriorate in B1 and, even more, in C1.

Shown in Fig. 15 are the computed one-dimensional spectra of
the spanwise velocity component taken along the spanwise homo-
geneous direction at x D 8:8 in. and y D 0:00274 in. for the DNS
and cases A1, B1, and C1. As the grid is re� ned, the results tend
toward the DNS data. The LES on coarser grids is very dissipative,
especially at the smaller resolved scales.

Finally, a contour plot of the time and spanwise averaged ratio
¹t=¹ is shown for case B1 in Fig. 16. In this case, the eddy viscosity

Fig. 14 Normalized, resolved Reynolds shear stress in wall coordinates
at x = 8:8 in. for several representative simulations.

Fig. 15 Spanwise one-dimensional spectra of the spanwise velocity
component at x = 8:8 in. and y = 0:00274 in. for several representative
simulations.

Fig. 16 Spanwise and time-averaged ratio of eddy to molecular viscos-
ity for case B1.

is at most 4.3 times greater than the molecular viscosity. (Similar
� ndingswere seen for kt=k.) Inside the boundary layer, the dynamic
model is found to vanish in the near-wall region and toward the
edge of the boundary layer, as well as in the laminar regime (the
model is turned off outside the boundary layer). Also, when the grid
was re� ned or coarsened, the model gave lower or higher values,
respectively,for these ratios, as expected.The isotropicpart, 1

3 ¿kk , of
the SGS stress tensor for this � ow is predictedby the model to be at
most 8% of the thermodynamic pressure Np and could be neglected.
Finally, the variationof the dynamicmodel coef� cientC was similar
to that of ¹t=¹.

VII. Conclusions
A number of issues involved in the LES of spatially evolving su-

personic boundary layers are examined by conducting simulations
using a high-order-accurate � nite difference scheme and the dy-
namic SGS model. The computationalgrid was re� ned successively
to improve the agreementof the computed turbulencestatisticswith
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the availableexperimental data and results from a DNS calculation.
The grids used in the LES are from 16 up to 3 times coarser than the
grid used in the DNS. The computationaldomain is found to be long
enough for the � ow to reach a fully turbulent state free of transients
due to the periodic blowing and suction mechanism employed to
bypass the natural transition process.

The results suggest that the � nite difference scheme has a direct
effect on the dynamic SGS model, reducing greatly the accuracy of
the simulations.Numerical errors from the � nite differencemethod
can be large enough that the SGS model has little effect on the
solution.The use of a higher-orderscheme is found to improve sub-
stantially the results because it improves the capture of the smaller
resolvedscales. Furthermore, it is recommended to apply the model
not only at the subgrid scales but also at the scales that are not prop-
erly resolved by the numerical scheme. This approach, however,
will substantially increase the cost of the simulation, in terms of
both CPU time and memory requirements, because it requires ex-
plicit grid � ltering (using a highlyaccurate � lter) of the � ow� elds at
each time step and the use of � ner grids. The effect of descretization
errors on LES needs to be addressedfurther before proceedingwith
LES of � ows of engineering interest.
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